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Abstract— This paper presents fuzzy similarity based Fuzzy 
Technique for Order Performance by Similarity to Ideal Solution 
(TOPSIS) for z-numbers. The classical fuzzy TOPSIS techniques 
use closeness coefficient to determine the rank order by calculating 
Fuzzy Positive Ideal Solution (FPIS) and Fuzzy Negative Ideal 
Solution (FNIS) simultaneously. The authors propose fuzzy 
similarity to replace closeness coefficient by doing ranking 
evaluation. Fuzzy similarity is used to calculate the similarity 
between two fuzzy ratings (FPIS and FNIS). Fuzziness is not 
sufficient enough when dealing with real information and a degree 
of reliability of the information is very critical. Hence, the 
implementation of z-numbers is taken into consideration as they 
can capture better the knowledge of human being and are 
extensively used in uncertain information development to deal 
with linguistic decision making problems. A numerical example is 
given to illustrate the application of the proposed technique in 
ranking company performance assessment. The results show that 
it is highly feasible to use the proposed technique in performance 
assessment. 
 
Keywords— Multi criteria decision making, fuzzy TOPSIS, fuzzy 
similarity, z-numbers, human intuition.  
I.  INTRODUCTION  
Multiple criteria decision making (MCDM) has become a 
discipline of operations research which has been widely 
explored by experts or practitioners [1]. It is the process of 
making decision in the presence of multiple criteria or 
objectives. Nowadays, uncertainty affects strongly the world 
where much of the information on which decisions are based is 
uncertain [2], [3]. 
In the literature on fuzzy set, Zadeh [4] introduced fuzzy set 
theory in representing vagueness or imprecision in a 
mathematical approach. In order to do so, the main motivation 
of using fuzzy sets is based on its ability in appropriately dealing 
with imprecise numerical quantities and subjective preferences 
of decision makers [5]. Zadeh [6] proposed the notion of z-
number, which is an ordered pair of fuzzy numbers. The  
component plays the role of a fuzzy restriction and represents 
the information about an uncertain variable, while the   
component is a reliability of  component and enables to represent 
an idea of certainty or probability [7],  [8]. The idea of z-numbers 
is to provide a basis for computation with numbers which are not 
completely reliable and is more intelligent to describe the 
knowledge of human beings and capable to cater uncertain 
information. 
The concept of fuzzy TOPSIS is based on the chosen 
alternative that should be at the shortest distance from the fuzzy 
positive ideal solution (FPIS) and longest distance from the 
fuzzy negative ideal solution (FNIS). Fuzzy TOPSIS at present 
offers a solution for decision makers when dealing with real 
world data that are usually multi criteria and involves a complex 
decision making process [9]. Regarding the level of interaction 
of with decision makers to imprecise data collection, fuzzy 
TOPSIS provides good agility in the decision process. In fuzzy 
TOPSIS, a vertex method is applied to calculate the distance 
between two fuzzy ratings, which calculate the distance of each 
alternative from FPIS and FNIS respectively using closeness 
coefficient. A higher value of the closeness coefficient indicates 
that an alternative is closer to FPIS and farther from FNIS. In 
this paper, fuzzy TOPSIS is modified to use fuzzy similarity [10] 
for ranking evaluation instead of using closeness coefficient. 
Fuzzy similarity is used to calculate the similarity between two 
fuzzy ratings. 
In real world decision making problems, linguistic variables 
tend to be very complex to handle but they make more sense 
than classical fuzzy numbers. Rather than using classical fuzzy 
numbers, the linguistic scales are expressed in a more details and 
flexible way by z-numbers. The membership function of type-1 
and type-2 fuzzy sets have no information regarding knowledge 
of human beings. This issue has motivated the authors to 
propose fuzzy similarity based fuzzy TOPSIS technique that has 
capability to handle knowledge of human being and uncertain 
information properly using z-numbers. The proposed 
methodology is constructed without losing the generality of the 
fuzzy similarity and fuzzy TOPSIS in fuzzy environment. Also, 
it is applied for company performance assessment using z-
numbers. 
The rest of this paper is organized as follows: Section II 
introduces the concept of z-numbers. Section III presents the 
proposed methodology of Z – TOPSIS using fuzzy similarity. In 
Section VI, a numerical example is presented in implementing 
the Z – TOPSIS using fuzzy similarity for company 
performance. Section V summarises the conclusion. 
II. PRELIMINARIES 
In this section, we briefly review some basic concepts and 
definitions that are illustrated as follows. 
A. Z-numbers  
 A z-number is an ordered pair of fuzzy numbers  
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denoted as ( )BAZ ~,~= . First component, A~  is known as 
restriction component whereby it is a real-valued uncertain on 
X  while second component , B~  is a measure of reliability for 
A~ [6] . The illustration for z-number is depicted in Fig. 1 [7] .    
 
 
 
 
 
  
 
 
 
 
     
 
 
 
 
 
  
 
 
 
 
     
  
 
Fig. 1: Z-number, )~,~( BAZ =  
III. PROPOSED METHODOLOGY  
This section focuses on the development of Z – TOPSIS using 
fuzzy similarity. The methodology of Z – TOPSIS using fuzzy 
similarity is extended from [11]. 
Step 1: Determine the weights of evaluation criteria. 
The weighting of evaluation criteria are employed. 
Step 2: Construct a hierarchy structure. 
The construction of hierarchy model shows the dependency of 
criteria towards alternatives that needs judgement matrix filled 
by decision makers about the evaluation of all criteria. Fuzzy 
linguistic terms are used to present the evaluation values of the 
alternatives preferences with respect to different criteria with 
degree of confidence (reliability) based on z-numbers 
respectively. 
Step 3: Construct the fuzzy decision matrix for alternatives’ 
evaluation. 
The fuzzy decision matrix is constructed and fuzzy linguistic 
terms is used to evaluate the alternatives with respect to criteria.  
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where ;,...,2,1 mi = nj ,...,2,1=    
Step 4: Convert the z-numbers into type-1 fuzzy numbers and 
aggregate them. 
All z-numbers from fuzzy decision matrices are converted into 
type-1 fuzzy numbers by reduction process using intuitive 
vectorial centroid.  
The intuitive vectorial centroid is an extension of the classical 
vectorial centroid methods for fuzzy numbers that proposed by 
[12]. Compare to other centroid methods in the literature, the 
way to get the centroid value is more intelligent manner, easy 
to compute, more balance, and consider all feasible cases of 
fuzzy numbers. Intuitive vectorial centroid can be computed as 
        
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where 
     x~ : the centroid point on the horizontal x-axis 
       y~ : the centroid point on the vertical y-axis 
       )~,~( yx : the centroid coordinate of fuzzy number A
~
 
 
The reduction process of z-numbers into type-1 fuzzy sets using 
intuitive vectorial centroid can be computed as follows: 
Assume a z-number, ( )BAZ ~,~= , which is describe in Fig. 1. 
Let [ ]{ }1,0)(,~ ~ ∈= xxuxA A  and [ ]{ }1,0)(,~ ~ ∈= xxuxB B , 
)(~ xuA  and )(~ xuB  are trapezoidal membership function.   
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Step 1: Converting the reliability component on x-coordinate 
into crisp number or weight using intuitive vectorial centroid 
method from equation (3), α=+++=
18
)(7)(2)~( 3241~ bbbbxIVCB . 
Step 2: Add the weight of reliability component to the 
restriction component. The weighted z-number can be denoted 
as [ ]{ }1,0),()()(,~ ~~~ ∈== xxxxxZ BBB ααα αμμμα . 
Theorem 1: 
  )()( ~~ xExE AA αα = ,  Xx ∈           (4) 
Subject to:  
  )()( ~~ xx AA αα αμμ = ,  Xx ∈           (5) 
Proof:  
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which can be denoted by the Fig. 3 [7] below: 
 
 
 
 
  
 
 
 
 
    
  
  Fig. 3: Z-number after multiplying the reliability 
 
Step 3: Convert the irregular fuzzy number (weighted 
restriction) to regular fuzzy number that denoted as ( ) [ ]{ }1,0,)()(,~ ~~~, '' ∈== xxxxxZ AZZ αμμμ . In accordance 
with the Theorem 3, the conclusion can be made that '~Z  has the 
same fuzzy expectation with αZ~  where both are equal with 
fuzzy expectation.  
Theorem 2: 
  )()( ~~ ' xExE AZ α= ,  Xx α∈           (7) 
Subject to:  
  ( )xx AZ αμμ ~~ )(' = ,  Xx α∈           (8) 
Proof:  
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which can be denoted by the Fig. 4 as follows [7]: 
 
 
 
 
 
 
  
 
 
 
 
     
 
Fig. 4: The regular fuzzy number transformed from z-number 
Theorem 3: 
     )()( ~~' xExE AZ α=          (10) 
Proof:  
     )()( ~~ xExE AA αα =          (11) 
     )()( ~~' xExE AZ α=          (12) 
     )()( ~~' xExE AZ α=          (13) 
Then, aggregate fuzzy decision matrix from decision makers’ 
evaluation. 
       knijijijij xxxx /121 )~...~~(~ ×××=                 (14) 
where ijx
~  is the performance rating of alternatives, iA  with 
respect to criterion, jC  evaluated by kth experts and  
);,,,(~ 4321
kkkkk
ij haaaax = . 
 
Step 5: Fuzzy decision matrix is weighted, averaged and 
normalised. Then, defuzzify the standardized generalised fuzzy 
numbers into coordinate form, )~,~( yx .  
The weighted fuzzy normalized decision matrix is denoted by 
V~  as depicted below with numerical example:  
 
  [ ] ;~~
nmij
vV
⊗
=    ;,...,2,1 mi =   nj ,...,2,1=             (15) 
where        
       jijij wxv ~~~ ×=            (16) 
Get the average from all criteria using: 
   ( )Kijkijijij vvvKv ~,,,~,,,~1~ 1 ⊕⊕⊕=         (17) 
Normalized each generalised trapezoidal fuzzy numbers into 
standardized generalised fuzzy numbers using [11]: 
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Step 6: Determine the fuzzy positive-ideal solution (FPIS). 
Referring to normalize trapezoidal fuzzy weights, the FPIS, +A  
represents the compromise solution. The range belong to the 
closed interval [0,1]. The FPIS 
+A  (aspiration levels) is depicted 
as follows: 
   ]1;1,1,1,1[=+A           (19) 
The FPIS, +A  can be obtained by centroid method for ),( ++ AA yx
. 
 
Step 7: Calculate the similarity of each alternative from FPIS 
using similarity matrix. 
Concept of TOPSIS method originally proposed by [13]. Here, 
the authors propose fuzzy similarity to replace closeness 
coefficient by doing ranking evaluation. The similarity matrix is 
calculated based on fuzzy similarity [10]. Determine the ranking 
order from values of similarity measure for all alternatives using 
fuzzy similarity measure proposed by [10].
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where , *~Ax  and 
*~Bx  are the horizontal centre of gravity of the 
generalised fuzzy numbers A~  and B~  that calculated using 
intuitive vectorial centroid (3). 
)~( AP  and )~(BP  are the parameter of two generalised 
trapezoidal fuzzy numbers  A~  and B~ , calculated as follows: 
( ) ( ) ( ) ( )432122432221 ~~)~( aaaahaahaaAP AA −+−++−++−=         (21) 
( ) ( ) ( ) ( )432122432221 ~~)~( bbbbhbbhbbBP BB −+−++−++−=         (22) 
)~( AA  and )~(BA  are the areas of two generalised trapezoidal 
fuzzy numbers  A~  and B~ , calculated as follows: 
   ( )1423~2
1)~( aaaahAA A −+−=             (23) 
   ( )1423~2
1)~( bbbbhBA B −+−=              (24) 
The larger the value of )~,~( BAS , the more the similar between 
two generalised fuzzy numbers A~  and B~ . 
 
IV. NUMERICAL EXAMPLE 
A case study of company performance assessment is presented 
here. Two experts/ decision makers (DMs), DM1 and DM2 are 
used to evaluate 25 listed companies in Malaysia by market 
capital that make up the FTSE Bursa Malaysia KLCI (Last 
updated: 29 September 2016) [14]. Five criteria are considered 
to evaluate the companies which are: operation (C1), marketing 
(C2), customer (C3), production (C4) and, financial (C5). This 
study simplify the concept of alternatives evaluation to 
]1,0[
~
∈
A
μ  for fuzzy events. The values of alternatives evaluation 
correspond to z-numbers. The proposed Z – TOPSIS using fuzzy 
similarity (Z – TOPSIS – FS) is compared with Z – AHP [8] and 
Z – TOPSIS  [15] from the literature for comparative study. 
 
Step 1: Determine the weights of evaluation criteria. 
The weight of evaluation criteria are employed as same value 
which is 0.2 for each criterion, where the total up is 1. 
 
Step 2: Construct a hierarchy structure. 
The construction of hierarchy model shows the dependency of 
criteria towards alternatives as presented in Fig. 5 below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5: The hierarchy of company performance assessment 
 
Step 3: Construct the fuzzy decision matrix for alternatives’ 
evaluation. 
The fuzzy decision matrices are constructed and fuzzy linguistic 
terms  from Table 1 and 2 are used to evaluate the alternatives 
with respect to criteria. Table 1 and 2 show the fuzzy number 
description used to describe the linguistic values for the 
restriction component and reliability component in representing 
z-numbers for company performance assessment by 2 decision 
makers. 
 
TABLE 1. LINGUISTIC TERMS AND THEIR CORRESPONDING 
GENERALISED FUZZY NUMBERS [16] 
Linguistic terms Generalised fuzzy numbers 
Absolutely-low (AL) (0.0, 0.0, 0.0, 0.0; 1) 
Very-low (VL) (0.0,0.0, 0.02, 0.07;1) 
Low (L) (0.04, 0.10, 0.18, 0.23; 1) 
Fairly-low (FL) (0.17, 0.22, 0.36, 0.42; 1) 
Medium (M) (0.32, 0.41, 0.58, 0.6; 1) 
Fairly-high (FH) (0.58, 0.63, 0.80, 0.86; 1) 
High (H) (0.72, 0.78, 0.92, 0.97; 1) 
Very-high (VH) (0.93, 0.98, 1.0, 1.0; 1) 
Absolutely-high (AH) (1.0, 1.0, 1.0, 1.0; 1) 
 
Goal: The best company performance
Operation Marketing Customer
Production Financial
Company 2… …Company 25Company 1
TABLE 2. RELIABILITY LINGUISTIC TERMS AND THEIR 
CORRESPONDING Z-NUMBERS [17] 
Linguistic terms Generalised fuzzy numbers 
Very-low (VL) (0,0,0,0.25;1) 
Low (L) (0,25,0.25,0.5;1) 
Medium (M) (0.25,0.5,0.5,0.75;1) 
High (H) (0.5,0.75,0.75,1;1) 
Very-high (VH) (0.75,1,1,1;1) 
 
Step 4: Convert the z-numbers into regular fuzzy numbers and 
aggregate the DMs’ preferences.  
The fuzzy decision matrices of DMs’ preferences of z-numbers 
are converted and aggregated using equation (6-13) and (14) 
respectively. 
 
Step 5: Fuzzy decision matrix is weighted, averaged and 
normalised. 
Fuzzy decision matrix is weighted, averaged and normalised 
using equation (21), (22) and (23) respectively. All these results 
are depicted as fuzzy performance score as shown in Table 3. 
 
Step 6: Determine the fuzzy positive-ideal solution (FPIS). 
The FPIS, +A  is depicted as equation (19) and can be obtained 
by centroid method for ),( ++ AA yx . 
 
Step 7: Calculate the similarity of each alternative from FPIS 
using similarity matrix. 
The similarity measure process is calculated using equation 
(25). The results of similarity measure are depicted in Table 3. 
TABLE 3. THE NORMALISED AVERAGED WEIGHTED FUZZY PERFORMANCE SCORE FOR EACH COMPANY AND RANKING RESULTS 
BETWEEN PROPOSED TECHNIQUE AND ESTABLISHED TECHNIQUES 
Company Actual rank Fuzzy performance score 
Centroid 
(x) 
Similarity 
measure 
Z-
TOPSIS-
FS 
Z – AHP 
[8] 
Z – 
TOPSIS 
[15] 
Hap Seng Consolidated Berhad 21 (0.3787,0.4519,0.6701,0.7499;1) 0.5617 0.3887 19 19 21 
IOI Corporation Berhad 14 (0.5423,0.6155,0.8217,0.8949;1) 0.7186 0.5054 14 12 15 
Sime Darby Berhad 6 (0.7100,0.7818,0.9122,0.9548;1) 0.8438 0.6576 6 6 7 
Kuala Lumpur Kepong Berhad 18 (0.3787,0.4758,0.6701,0.7446;1) 0.5704 0.4006 18 18 18 
Nestle (Malaysia) Berhad 23 (0.2765,0.3583,0.5707,0.6506;1) 0.4643 0.3218 23 23 19 
Petronas Dagangan Bhd 20 (0.3540,0.4355,0.6369,0.7120;1) 0.5355 0.3764 20 20 22 
Petronas Chemicals Group Berhad 5 (0.7193,0.7951,0.9335,0.9800;1) 0.8610 0.6617 5 4 3 
Axiata Group Berhad 8 (0.5982,0.6754,0.8696,0.9388;1) 0.7716 0.5497 8 7 9 
Petronas Gas Berhad 7 (0.6262,0.6953,0.8537,0.9069;1) 0.7727 0.5805 7 8 6 
YTL Corporation Berhad 25 (0.0000,0.0918,0.2887,0.3710;1) 0.1892 0.1323 25 25 25 
IHH Healthcare Berhad 4 (0.7286,0.8018,0.9282,0.9694;1) 0.8614 0.6745 4 5 5 
Hong Leong Financial Group Berhad 24 (0.1407,0.2250,0.4234,0.5024;1) 0.3236 0.2274 24 24 24 
PPB Group Berhad 21 (0.3454,0.4279,0.6541,0.7379;1) 0.5412 0.3688 21 21 19 
CIMB Group Holdings Berhad 9 (0.5796,0.6554,0.8537,0.9242;1) 0.7539 0.5348 9 9 11 
Telekom Malaysia Berhad 17 (0.4359,0.5171,0.7313,0.8098;1) 0.6239 0.4320 17 17 14 
MISC Berhad 12 (0.5450,0.6262,0.8244,0.8962;1) 0.7242 0.5118 12 11 11 
Public Bank Berhad 2 (0.7837,0.8488,0.9057,0.9191;1) 0.8715 0.7610 2 2 2 
Genting Malaysia Berhad 16 (0.4732,0.5570,0.7632,0.8390;1) 0.6592 0.4602 16 16 15 
Malayan Banking Berhad 3 (0.7472,0.8217,0.9441,0.9840;1) 0.8715 0.6915 3 3 3 
RHB Bank Berhad 22 (0.3230,0.4193,0.6167,0.6903;1) 0.5177 0.3668 22 22 23 
Digi.com Berhad 10 (0.5796,0.6554,0.8537,0.9242;1) 0.7539 0.5348 10 9 11 
Hong Leong Bank Berhad 11 (0.5517,0.6222,0.8164,0.8843;1) 0.7190 0.5145 11 13 10 
Genting Berhad 15 (0.5048,0.5781,0.7520,0.8140;1) 0.6638 0.4864 15 15 7 
Tenaga Nasional Bhd 1 (0.8590,0.9282,0.9867,1.0000;1) 0.9512 0.8265 1 1 1 
Maxis Berhad 13 (0.5422,0.6147,0.7971,0.8621;1) 0.7050 0.5112 13 14 17 
 Table 3 shows that the highest ranking result for company 
performance assessment is Tenaga Nasional Bhd with similarity 
measure value 0.8265, while the lowest ranking is YTL 
Corporation Berhad with similarity measure value 0.1323. 
These two companies have the highest and lowest ranking for 
company performance according to the actual ranking and this 
is in line with the ranking obtained using Z – TOPSIS – FS 
(proposed), Z – AHP [8] and Z – TOPSIS [15]. These results 
show that the proposed technique is consistent with the actual 
ranking and other established techniques in the literature. 
 Comparison of the ranking results show that there are several 
but fairly minimal discrepancies in the ranking obtained by the 
three techniques and the actual ranking. Generally, most of the 
ranking results from these three techniques give quite similar. In 
fact, ranking for the Kuala Lumpur Kepong Berhad, YTL 
Corporation Berhad, Hong Leong Financial Group Berhad, 
Public Bank Berhad, Malayan Banking Berhad and Tenaga 
Nasional Bhd are same for all techniques throughout. The rest 
of the ranking is only slightly affected. Comparing Z – AHP [8] 
and Z – TOPSIS [15], both provide inconsistent ranking results 
for rank 9 and 11 respectively. These duplicated ranking results 
present the lack of ability of Z – AHP [8] and Z – TOPSIS [15] 
in handling linguistic assessment properly. The proposed Z – 
TOPSIS – FS gives prefect ordering without any duplicate 
ranking results. This shows that it is highly feasible to use the 
proposed technique in performance assessment. 
 Spearman’s rank correlation technique is used to validate the 
ranking results which provides easy algebraic structure and 
intuitively simple interpretation. In addition, the method is less 
sensitive to bias due to the effect of outliers and can be used to 
reduce the weight of outliers (large distances get treated as a one-
rank difference). In general, the coefficient of rho, ( ρ ) 
measures the strength of association between two ranked 
variables. The formula used to calculate Spearman’s rank is 
shown below.  
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nn
iρ             (30) 
where 
      ∂ : the different between two ranks of each observation 
      n : the number of observations 
 
TABLE 4. RANKING PERFORMANCE RESULTS ANALYSIS USING 
SPEARMAN’S RANK CORRELATION 
Spearman’s 
rank  
Z –TOPSIS- 
FS Z – AHP [8] 
Z – TOPSIS 
[15] 
ρ  0.9762 0.9750 0.9146 
 
The Spearman’s correlation coefficient, ρ  can take values 
between +1 to -1. If 1=ρ , indicates a perfect relationship of 
ranks, if 0=ρ , shows no relationship between ranks and 
1−=ρ , indicates a perfect negative association of ranks. The 
closer ρ  is to zero, the weaker the relationship between the 
ranks. Thus based on the analysis of Spearman’s rank correlation 
in Table 4, it is observed that the proposed Z – TOPSIS – FS 
outperforms the established Z – AHP [8] and Z – TOPSIS [15] 
from the literature.  
V. CONCLUSION 
In classical fuzzy TOPSIS, evaluation depends heavily on the 
selection of appropriate FPIS and FNIS by using closeness 
coefficient. In this paper, a fuzzy similarity method is applied 
to company performance selection and evaluation instead of 
using closeness coefficient. Rationally, replacing closeness 
coefficient by using fuzzy similarity measure as ranking 
evaluation provides better judgment for representing fuzzy 
numbers is many aspects (centre of gravity, parameter and 
area). Closeness coefficient considers the distance to both FPIS 
(aspiration level) and FNIS (worst level), but is does not cover 
the more general aspects of fuzzy numbers representation, i.e. 
it cannot capture the vagueness of the linguistic assessment 
properly. The proposed Z – TOPSIS – FS provides better 
selection in human based decision making problems that is 
capable of dealing with uncertainty in human judgment. This is 
helpful in situations where due to lack of access to reliable 
information and unavailability of complete and certain data, it 
is hard to make right decisions. In this sense, the consideration 
of z-numbers in the research work provides the use of fuzzy 
linguistics by considering the need of human intuition in 
decision making problems. As a consequence, this study 
presents the idea in developing to design the robust and reliable 
methodology for selection alternatives with respect to the 
resources. Hence, it can be further extended by considering 
more complicated case studies drawn for diverse fields of 
human based decision making problems. 
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